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THE UNSTEADY CIRCULATION DISTRIBUTION 
ROTORS AND ITS APPLICATION 
TO NOISE STUDIES 
Abstract 
ASSEM A. FATHY 
Under the supervision of Professor Edward Lumsdaine 
A new method for the calculation of the unsteady circu­
lation distribution in axial flow compressors was developed. 
The classical assumption of representing the rotor by a 
two-dimensional infinite cascade was eliminated. Instead 
the more realistic case of a radial cascade with blades of 
finite length was studied. The blades were assumed to be 
thin and.only s1ightly cambered. The flow was assumed 
·to be incompressible and inviscid and the secondary flow 
effects were neglected. The velocity induced at an 
arbitrary point of a reference blade due to the bound 
.vortices on the blade under consideration and the other 
blades and the shed vortices was calculated, hence the 
integral equation of the circulation could be obtained. 
The circulation function was then expanded in a Fourier 
aeries with complex coefficients; those were _evaluated 
using G1auert method. The value of the circulation as 
calculated by the present method was found to reduce to the 
steady state solution for zero disturbance frequency. In 
the limiting case of a long blade, when the effects of other 
blades are neglected, the solution was also found to reduce 
to the classical two-dimensional solution for a single 
airfoil subject to periodic disturbances. Recent methods 
for the solution of unsteady flow through two-dimensional 
cascades were also shown to be special cases of the general 
solution presented here. The value of the circulation 
calculated using the present analysis was used in the 
classical theory of compressor noise prediction to study the 
effects of the different compressor design parameters on the 
noise generated under different types of inlet disturbances. 
The results suggest that in reaching an optimum design based 
on minimum noise both steady and unsteady loading �ffects 
must be. taken into consideration. It was also found that in 
the unsteady case as in the steady case the radial distri­
bution of the circulation has a very significant effect on 
the sound power level generated by the compressor and that 
minimum noise can be achiev.ed when no pronounced radial 




In the present work the unsteady circulation distribution 
resulting from upstream flow disturbances in an axial flow 
compressor is derived. The classical assumption of represen-· 
ting the compressor by a two-dimensional infinite cascade is 
eliminated. Instead the more realistic case of a radial 
cascade with blades of finite length is considered. However, 
the assumptions of thin blades and incompressible inviscid 
flow are retained. The disturbances are assumed to be 
periodic in time and in the circumferential direction, but 
these two restrictions ·can be removed as is shown later. The 
method used in the derivation relies on the application of 
the Biot-Savart law to obtain the induced velocity at an 
arbitrary point on a blade due to the different vortex 
elements of the system and hence to obtain the integral 
equation for the circulation distribution. The existence. of 
the duct is simulated using the method of images. The 
circulation function is then expanded in a Fourier series 
with ·complex coefficients; those are evaluated as in the case 
of a single finite wing. The value of the circulation is 
seen to reduce to the two-dimensional classical case for long 
blades and also compares favorably with earlier analyses. For 
. the ca·se when the frequency of the disturbance is zero, the 
analysis reduces to the steady state case. 
2 
The circulation thus obtained is then used in the 
classical theory of compressor noise prediction 
(Benzakein, Sowers et al.) to study the effects of the 
different design parameters of the compressor on the sound 
power level generated under different types of inlet 
disturbances. 
For the sake of generality, the different integrals 
involved in the analysis were not reduced to closed-form; 
they have to be evaluated numerically. A computer program 
was thus developed for the calculation of the circulation 
distribution and the prediction of the associated sound 
power level. This program is �vailable upon request. 
3 
INTRODUCTION 
In recent years, the introduction of the turbofan 
engine has had the effect of lowering the sound power levels 
generated by the primary jets.. However, with increased 
by-pass ratios the noise generated by the first stages of 
the fan- compressor has become more and more significant. 
Consequently, several modifications have been introduced in 
the design of turbofans, resulting in relatively quieter 
engines. Those include eliminating the inlet guide vanes, 
reducing the number of -fan stages from two to one, 
optimizing the spacing between the rotor and the exit guide 
vanes, etc. This left the rotor as the main source of noise 
to be investigated in detail. 
Since the main source of rotor noise, the so-called 
"lift" noise, is directly related to the cir culation 
distribution, an a ccurate knowledge of the influence of the 
different design parameters on the circulation is essential 
for such an investigation. 
Two major sources of rotor lift noise can be readily 
identified: 
i - Noise associated with the steady loading of the 
rotor. 
ii - Noise resulting from the turbulence in the inlet 
which is associated with the unsteady circulation 
ge�erated by inlet disturbances. 
The steady-loading noise is associated with the steady 
state circulation diitribution. This has been investigated 
- in detail ;-1 ,2) 1 • Our interes.t here will be focused on the 
unsteady loading and the turbulence noise. 
4 
Although a large nuh1ber of methods is available· for the 
calculation of the steady circulation in a two-dimensional 
cascade (Reference 3 contains an extensive bibliography 
listing those methods), a relatively small number of methods 
is available for the prediction of the unsteady circulation 
in two-dimensional cascades, and methods for the calculation 
of the unsteady circulation distribution in a three-dimensional 
model of a rotor are virtually non-existent. 
Early attempts to solve the unsteady two-dimensional 
case were made by Kemp and Sears /4,5/. However, in those 
models the influence of the unsteady part of the circulation 
and the wakes of other rotor blades on the blade under 
consideration have been neglected. 
Horlock f6l analyzed the case of a single rotating blade 
sub ject to an upstream disturbance and later, Henderson and 
Horlock t?J extended the analysis to a two-dimensional 
cascade sub ject to axial disturbances in the incoming flow. 
1 Numbers between brackets indicate References at the end 
of the text. 
However, their analysis is limited to the case where the 
blade spacing is small compared to the wavelength of the 
disturbance. Moreover, like Kemp and Sears, they too 
neglected the effect of the unsteady circulation of other 
blades on the blade under consideration. 
5 
Whitehead /W, following the actuator disk approach, 
presented a solution for the case where the blade chord 
length is small compared to the wavelength of the distur­
bance. Later on, he studied the case of a two-dimensional 
cascade of flat plates subject to an inlet disturbance f9.J. 
In this model he represented the blades by concentrated 
vortices at different points and the.wakes by continuous 
vorticity filamentso Along the same lines, Henderson and 
Daneshyar [io.J replaced the reference blade by a continuous 
distribution of vorticity and the adjacent blades by concen­
trated vortices. The wakes were also replaced by a contin­
uous distribution of vorticity. On the other hand, Yeh 
and Eisenhuth f1 V and later ·on, Neumann and Yeh ["'lc;J, 
studied the unsteady pressure distribution on a blade row 
as a result of incoming periodic disturbances, but they 
too had to neglect the interaction between the reference 
airfoil and the unsteady vortices of other airfoils. 
Finally Mugridge [13.J studied qualitatively the noise 
generated from a three-dimensional sinusoidal gust 
encountering a two-dimensional single thin airfoil. 
In all these analyses several approximations were 
commonly made, the most important one being the representation 
of the compressor by a two-dimensional cascade. However, 
it is seen from Reference 2.how important three-dimensional 
effects can be in noise studies. Clearly none of the above 
methods can be used with any degree of accuracy to predict 
the effect of the unsteady three-dimensional circulation 
distribution on the sound power level generated. Furthermore, 
in an effort to reach closed form solutions, the authors had 
to make several approximations that greatly restricted the 
use of their methods even in the two-dimensional case. 
For these reasons we had to develop our own technique 
for the calculation of the circulation distribution in a 
rotor taking three-dimensional effects into consideration 
and making as few assumptions as possible in order to keep 
the method as general as possible. 
In our model each radial element of the reference blade 
is replaced by a continuous distribution of vorticity, thus 
allowing the blade to have an initial stagger angle and to 
be arbitrarily tapered and twisted. The other blades are 
replaced by radial lines of vortices and the wakes are 
considered to be contihuous sheets of vorticity. For 
twisted blades these sheets are warped. 
In a way the present analysis can be considered as an 
extension of Reissner's method for unsteady single wings of 
finite span ["14/ to the case of a radial cascade. 
7 
However, we did not make use of the lifting line approxima­
tion commonly used with finite wings. 
Some of the expressions we obtained could be reduced to 
closed forms for a small number of special cases (very large 
number of blades, untapered, untwisted and unstaggered blades). 
However, we found that it is better to leave these expressions 
as general as possible and evaluate them numerically. This 
allows us to calculate the effects of any arbitrary radial 
distribution of disturbances acting upon any rotor of arbitrary 
geometry. Such a calculation could not be made with 
reasonable accuracy using any of the already existing methods. 
For the prediction of the noise, we fol�owed closely 
the classical method first developped by Tyler and Sofrin t1 5.l 
and later modified by Benzakein and Kazin ["16, 17,la/ and 
Sowers £1 9_/. Because of the fact that the cut-off phenomenon 
has not been observed experimentally in the case of a rotor 
alone preceeded by a short duct f20J, our evaluation of the 
sound power level generated is made at the fan face. 
Obviously the reduction of the sound power level at that point 
will in turn reduce the general noise pattern generated by 
the compressor irrespective of how the sound propagates in 




Some fundamental assumptions that will not seriously 
affect the accuracy of the solution had to be made in order 
to obtain a relatively simple and useful solution. These 
assumptions are: 
i - The blades are thin and only slightly cambered. 
ii - The flow is inviscid and incompressible. 
iii - The disturbance velocities are small compared 
to the average steady flow velocity. 
iv - The effects of secondary flow are negligible. 
Fundamental Principles: 
1. The Biot-Savart law. 
Consider an elementary length ds of a vortex line of 
circulation K. Lett be the unit ve ctor along the tangent 
to the element and R the position vector of an arbitrary 
point p with respect to the element ds (Figure 1). It is 
shown in elementary books (e.g. Reference 21) that the 




• ds ( 1 ) 
This expression is commonly known as. the Biot-Savart law. 
dq 




2. The theory of images. 
Consider a singularity Sin the vicinity of a circular 
cylinder A in an arbitrary flow field (Figure 2). · Let S 
be at a distance Y from the center of the cylinder O and let 
the radius of the cylinder be Ra• Then it can easily be 
shown (e. g. Reference 22), that in order for the flow to 
follow the contour of the cylinder and unless other 
restrictions are imposed on the flow field, S will have an 
image s1 in A at a distance Y1 from O and on the line SO 
such. that 
(2) 
Now if we have two concentric cylinders A and B, then in 
addition to the image s 1 of Sin A, there will be a second 
image s2 of S in B. It can easily be seen that s2 will be 
at a distance 
from O. But cylinder A will also have an image A1 in B. 
Each point of A1 will be located at a distance 
Figure 2. 
1 1 
Images of a singularity S enclosed between two 
concentric cylinders. 
from O and hence the image of cylinder A in B will be 
another cylinder of radius Ral • The image s2 will now 
have another image s4 in A1 (not shown in Figure 2) that 
can be calculated the same way. Similarly cylinder B will 
have an image B1 in A and s1 will have another image s3 in 
B1 and so on. 
12 
Thus the enclosure of a flow element between two 
concentric cylinders can be mathematically simulated by 
introducing the successive images of the element in each of 
the cylindrical surfaces. Theoretically, the number of images 
on each side is infinite. 
In the case of a rotor blade with hub radius R1, blade 
length L and tip clearance 8 (Figure 3) ,. the blade and � ts 
image in the hub will extend from the point Ri / (R1+ L) 
to the point R. + L .  By successive applications of 
J. 
equation (2), the images of the point R� I (R. + L) a re found 
J. J. 
to have the ordinates 
s, (1) = R. + L 
J. 
L + 8 21 
( 1  + -- ) 
Ri 
and the images of Ri + L will be at 
(3) 
l = �1, �2, :!:), ••• 
Figure 3. Theory of  images as applied to a rotor blade. 
282539 
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1 = �,, +2, ±.3, • . •  
14 
(4) 
Figure 4 shows the coordinate system used. It is assumed 
that the axes rotate with the rotor and that all shed vortices 
will propagate with the average flow velocity and in the 
local direction of  the flow. This assumption is commonly 
made and differs very little from the physical case. The 
effects of the walls are introduced by taking into considera­
tion the different images of  the blade in the hub and in the 
cowl. 
In the mathematical model we shall concentrate our 
attention on a reference blade labeled blade 1. Blade 1 is 
replaced by a continuous distribution of  vorticity. The 
other blades are replaced by concentrated radial lines of  
vortices. These will be referred to as bound vortices. The 
shed vortices (or free vortices) form a continuous sheet of 
vorticity extending from the trailing edge of each blade to 
infinity. This sheet is in general warped as will be 
seen later. 
For the sake of clarity we shall distinguish between 
two types of  shed vortices: 
it'�----+---
(x, f) 




i - The first is shed because of the non-uniformity 
of the motion. This type will be referred to as 
the wake. The axes of these vortices are parallel 
to the blade axis,i.e. in the radial direction 
(Figure 5) . 
ii - The second type is shed in order to equalize the 
pressure between the suction side and the compression 
side at the blade tip similar to the case of a 
finite wing. This type will be referred to as 
trailers and their axes are perpendi cular to the 
blade axis (Figure 5) . This type will exist in the 
case of a finite blade whether the motion is steady 
or unsteady. 
The Direction of Propagation of the Shed Vortices. 
As assumed earlier the shed vortices will propagate 
approximately in the local direction of the flow and with 
the average flow velocity. 
For any of the rotor blades with stagger angle fJ , 
_, we choose the unit vectors jl parallel to the blade axis and 
�· -i-• _, Kl perpendicular to J1 and i (Figure 6). Referred to this 
new system, the shed vortices will be parallel to the vector et 
where 
et = cos (3 i' - sin fJ k� (5) 
17 
/ Blade axis 
/ Direction of propagation 






� Wake axes 
--t========= 
Figure 5. Direction of propagation of shed vortices. 
.. t 
J -<-- Blade 1 
Figure 6. .,. , ' Coordinate system J1 - k1• 
18 
19 
but referred to our original system (Figure 4) 
.... , en "'T' + sin 0 i:t' J1 = cos J n 
f' 1 = cos 0 n K
l 
sin 0 -i-• n J 
Thus substituting in equation (5) we get 
+ sin 0 n sin /3 j' - sin /3 cos 0 n k 1. ( 6) 
In general, if  the blade is twisted, /3 = f3 ( P) and 
therefore et = et ( p); hence the shed vorticity sheet will 
be warped. 
Derivation of the General Formula 
In order to derive the integral equation for the 
circulation distribution, we assume that the disturbances 
in the incoming flow are periodic in time with frequency W 
and periodic in the circumferential direction with frequency 
v. Hence, it is possible to assume that· the circulation on 
any blade n is in the form 
f (r, 0 n' t) = 
i(W t - V 0 ) 
G(r) e n (7) 
(n - 1) (8) 
n = 1 ,2,3 •• • N 
Now assuming that the motion has· been occurring 1ong 
enough for the transient effects to vanish, the strength 
of the vorticity in the wake will be in the form 
(9) 
20 
and similarly the strength of the trailer vorticity will be 
( 1 0) 
Following the same reasoning as in Reference 23, an 
increment (df ·/ dt) dt in the blade circulation must be 
equal and opposite to the cir culation in the wake between 
stations � = x
t 
and � = U0dt + xt• Therefore 
dt. 
dt = - o/ (xt) U dt W 0 
and by making use of equation (9) we find that 
iW 
G (r) e 
iW / U xt o 





Similarly an increment (d r / dr) dr in the blade 
circulation in the radial direction must be equal and 
opposite to the trailers circulation between stations 
r and r + dr. Therefore 
dr 
and hence 
dG i ( W t - l/ 0 n + W xt / U O - W f / U O) = - - e 
dr 
21 
( 11 ) 
( 1 2) 
We now proceed to calculate the velocities induced 
by the different elements of the system at an arbitrary 
point p of the reference blade (blade 1 ). 
These elements are 
1. The bound vortices on blade· 1 and their images. 
2. The bound vortices of other blades and their 
images. 
3. The wakes of all blades and their images. 
22 
4. The trailers of all blades and their images. 
_, ..,., _, Based on the coordinate system i ,  J , k of Figure 4, 
the position vec tor r of a point p on blade 1 will be p 
given by 
0 -i-' = X cos P
p 
l + r .,. ' J - x sin ( 13) 
where {3P refers to the stagger angle of the blades at the 
radial station passing through point p. 
1. Induced Velocity due to the Bound Vortices of Blade 1 
and their Images 
Here we make an assumption similar to the one made by 
Reissner f14/ in the study of the unsteady flow about single 
finite wings, namely that the bound vortices of blade 1 
will induce a velocity at point p as if the blade were 
replaced by a two-dimensional airfoil with the same 
chordwise vorticity distribution as the section though point p. 
Some error is induced by this assumption in the case of single 
23 
wings · with large spanwise circulation gradients. However, 
in the case of a blade enclosed between two walls these errors 
are greatly reduced because the vortex filaments actually 
extend on both sides of the blade (save for the gap between 
the tip and the cowl) due to the existence of an infinite 
number of images on either side of the blade. 
Now let 
X = - fc COS cp ( 1 4) 
and 
cot (t c/:> ) + 
m=1 
with 





vbl is positive in the positive k direction. 
Substituting from equation (14) and ( 15) into equation 
(16) we get 
24 
( 16) 
[a0 cotC½f1 ) + L amsin (mf1)] sinf1 ctf1 
m=1 
27T cosc/)1. - cos 4> 
0 
This expression can be rewritten in the form 
7r 
U iWt 




I - l)cp, 1 )c/>, ct¢,] + I: cos (n - cos (n + ¼am cos4'1 - cos cf:> ( 1 7) m=1 0 
25 
The integrals in equation (17) can be evaluated (for example 
see Reference 24 p. 19 1) and the results lead to 
( 18) 
2. Induced Velocity by other Blades and their Images 
Consider an elementary length ds from the vortex line 
representing an arbitrary blade n. Then referring to the 
variables in the Biot-Savart law (equation ( 1)) , we have 
K ::: f 
R ::: 
ds == 
- e n 
r -p 
d p 
- 0 _, 0 _, where en == cos n j + sin n k 
and rp 
is  given by equation (13). Substituting for f 
from equation (7), the velocity induced at point p by 
the element becomes 
• en X (rp - pen) 




Then by integrating over the span and summing over 
the images and all the blades we get 
G( p ) 'en x 'rp d p 
I rp - p en l 3 
(2 1 ) 
where s 1 (1) and s2 (1) are given by equations (3) and (4)o  
To obtain the component vbn of qbn perpendicular to the 
blade surface at point p we evaluate qbn • k where 
0 'T'"' K = sin f-)P i 
Therefore , 
N 
ei W t 
L vbn = - 4 7r  
n=2 
f3 _, + cos p k (22) 
G ( P ) C en X rp ) . k  d p 
l rp - p en 1 3 
( 23 )  










( 1 + 
L cos 'f} 
] 
L + 8 
( 1 + 
L ( 1 + cos l/J) R
i 2R .  
J. 
L + · 8 
) 21 L sin 'f/ ) ( 1 + 
R .  
1. d \/J 







Substituting for G, en, rp, k and d p  from equations 
(24) , ( 1 9 ) , ( 13) , (22) and (25b) into equation (23) and 
keeping in mind that x = - ¼c cos cJ,, we can rewrite the 
expression for vbn in the form 
(X) 
iW t � 
vbn = e L 
L b
2 fl, - 1 ( 1 + ) 2R .  
µ.. = , ( 26) 
. with 








+ 8 L L )21 ( 1 + R .  
l=-CO J_ 
'1T 
• ( r 
I 
sin 0 nsin fJP - c; cosq:> co s 0n) J sin(2f.1, - nlJ; sint/J 
0 
+ c; cosc/:> sin 0nsin ,8P ) J -3/z [1 + :R{ ( 1 + cos t/J)l
2d t/J 
(27) 
where a prime denotes normalization with repect to ½er, 
the subscript p refers to the section through p, P ( l/J ) ' 
is given by equation (25a) and r is given by the 
following equation 
29 





3. Induced Velocity by the Wakes of all Blades and their 
Images 
Here again we calculate the induced velocity at p due 
to an elementary vortex filament ds, and through integration 
and summation we o btain the velocity induced by all the 
wakes. 
Referring to the variables in the Biot- Savart law 
(equation 1 )  
K = o/ d �  w 
t = -
(et from equation ( 6) ) 
Therefore the velocity induced at point p due to an 
elementary vortex filament of the wake of an arbitrary 
blade n is 
30 
( 29 )  
Then by integrating over the span, summing over all the 
images and as before considering only the component 
perpendicular to the blade surface and substituting for 
o/ from equation (1 1 ) we get w 
V = w 41T U 0 
(30) 
Introducing the reduced frequency k = ¼Wc/U0 , making the 
same transformation as in equation (25a ) and rearranging, we 
obtain 
· w t 
V = e1 w 
(3 1 ) 
n= 1 
7r 
-i l/ 0 
e n 
e sin ( 2f-L - 1 )'fJ sin 'fJ l ikx� . ' L 2 
O ( 1 + 1 ( 1 + cos 'fl) ) 2Ri 





+ 8' 21 
' ) R .  
J_ 
31  
J e-ik f 1 [ c ;  c o s (p c o s  0n 
' 
(32) 
and where as before P (t/J ) is given by equation (25a) and 
I 
r is given by e quation (28 ). 
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It should be noted here that in the case of a general 
blade of arbitrary geometry,/3=/3 (l/J), xt = x t (\j;) and 
c = c (\j; ). However, in the special case of an untapered 
untwisted blade,/3, xt and c are constants and interchanging 
the order of integration becomes possible because 
whenever a singularity is encountered only the principal 
values are considered. 
4. Induced Velocity by the Trailers of all Blades and 
their Images 
The last elements of the mathematical model that 
contribute to the induced velocity at point p are the trailing 
vortices from all blades and their images. 
As before, consider an elementary vortex filament ds 
from the trailing vortices of an arbitrary blade n. Then 
referring to the variables in equation ( 1) 
R = r -p 
ds = a f  
33 
therefore 
- 'Yt • et X ( rp - p en - f 'et ) dt d P  
I rp - P en - f et 1 3 
(33) 
4 7T  
Substituting for 'Yt from equation ( 1 2) ,  integrating 
over the whole span and summing over all the blades and 
over all the images and restricting ourselves to the velocity 
component perpendicular to the blade surface, we get 
· w t L e
l. 
4 7T  
ll= 1 
. I e 
-i W � /Uo [ et x ( rp - P en ) ] • k d t  d P 
I rp - p en - t et 1 3 
( 34)  
Applying the same transformation as in equation (25a),  
substituting for rp, en and et from equations ( 13) , ( 1 9) 
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and ( 6 ) respectively and substituting for G from equation (24) 
keeping in mind that 
d G  
· - d P = 
d p 
dG , / ,  
- d
o/ d l/J 
and after considerable algebraic manipulation , we can 
rewrite the expression for the velocity induce d  at point p 
of blade 1 due to the trailing vortices of all the blades 
and their images in the form 
- 1 
(2 fL - 1 )U0 
4 '7T 
( 35) 
Here again vt is the velocity component perpendicular to 
the blade surface and vt is positive in the positive K 
direction. 




J co s ( 2JJ­
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- r t  sin 0n sin f3 ) + t ' 2 + r ' 2 - 2 p '  ( r '  co s en 
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whereas before P <  1./J ) is given by equation (25a ) , r 1 
is given by equation (28) and the prime refers to 
normalization �� th respect to ½er• 
The Boundary Condition 
It is assumed that under all conditions the flow 
remains attache d to the surface of the blade. If dz/dx 
represents the camber distribution along the chord , then 
two types of situations may arise: 
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A. The in coming flow is of the form ( U  + 8u  ei W t ) i 
at the j - k plane. In this case the steady part is 




or referred to the reference velo city U0 this 
expression can be written in the form 










k plane. In this case again the steady 
treated separately, and for the 
get 
-� iW (t-x/U ) v
i
(x) + o v  e O = o 
v.  l - = 




Note that in general U = U(t/J) , O u  = C u (tj}) and 
8 v  = O v( t/J ) . Now both equations (37 ) and ( 38 ) have the 
general form 
v .  
l - = ( 39 )  
But vi = vb l + vbn + vw + vt, therefore substituting for 
vb l ' vbn ' vw and vt fro
m equations ( 1 8) , (26), (31 ) and 
(35), respectively,  we get 
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where f ( c/> , 'fJ p) i s  given by 
with r2 , r3 and r4 given by equations (27) , (32) and 
(36), respectively .• 
(40) 
(41 ) 
Substituting from equation (40) in equation (39) we get 
(42) 
from which we can now cal culat e the values of a0 , a 1 , • • •  
bz }J, - l  
Jf ( 4' , i./Jp ) d cf> ] 
0 
( 43)  
am= - ; [ JQ( \pp , x ) cos mcf> d c/J 
But 
Jf ( <j:, ,  i./Jp ) co s m<f:,d c/> ] 
m= 1 , 2 , 3 • • •  
u0 [a0 c o tt¢ + I am sin m <j:, ] ei W t  dx 
m= l 
( 44) 
= tc  U0 
J [ a
0
c o tt ¢  + r am sin m <p ] e i W tsinc/:> d 'P 
0 m= 1 
( 45) 
Keeping in mind that 
J si n m c/> sinc/> dc/>= 0 
equation ( 45) reduces to 








, a 1 and r from equations ( 43 ) , ( 44) , 
(7) and (24) into equation (46) , we obtain 
U O C 
[ J Q ( i.j; p • X )  ( 1 - CO S cp) d cp 
0 
whe re F (  i./;P ) = J r (cf:> , i.j;P ) (  1 - co s c/>> d c/> 
0 
( 47 )  
Rearranging equation ( 47 )  we obtain 
7r 
2c; J Q( ,J; 
P
,x)(  1 - cos <{:>) d <p 
0 
41 
( 48 )  
The only unknowns in equation ( 48 )  are the coefficients 
b 1 , b3 , b5
, • • •  These can be determined using the method 
that has been suggested by Glauert (see also Reference 22 
section 1 1 . 5) for a single finite wing. Thus , we assume that 
only a finite number of terms f-Lm are necessary for the 
convergence of the infinite series in equation ( 48) . 
Ascribing fLm values to i./JP 
we obtain J-Lm linear . algebraic 
equations in f-Lm unknovms . The solution of these equations 
will lead to the values of b 1 , b3 
• • • b2 fLm _ 1 • 
The 
accuracy of the solution can be arbitrarily increased by 
increasing the value of J.Lm . For fast convergence of the 
solution the values of 1./JP must be chosen at regular angular 
intervals. Also due to symmetry , V/ is chosen between p 
f 1T  and ,,,- .  In this way the coefficients b 1 , b3 
• • •  are 
determined and the solution is completed. 
Solution for Non-Periodi c  Disturbances 
The solution as presented in the preceeding paragraphs 
applies mainly when the disturbances are periodic in time 
and in the circumferential direction.  
The periodicity in the circumferential direc tion can 
easily be removed by introducing the actual function 
representing the variation o f  the disturbance with 0 in the 
expression for f2 , r3 and f4 (equations (27) , ( 32)  and ( 36 ) ) 
instead of exp ( -i V 0n ).  However , we will not dwell on the 
details of this procedure here because of the physical 
nature of the motion, since here the high rotational speed 
of the rotor causes most disturbances to be periodic in the 
circumferential direction for all practical purposes, when 
referred to a se t of axes rotating with the rotor. 
As for the variation wi th time , one of two approaches 
can be used with non-periodic motions : 
i - In the first one ,  the response to a unit variation 
in the circulation is first de termined, and then 
through integration the response to an arbitrary 
disturbance distribution can be found. This 
method has first been suggested by Von Karman and 
Sears ( Reference 23 , section V ) ; however it is 
more readily applicable to the case of a 
two-dimensional single airfoil. Some complications 
might arise if applied to the case of a 
three-dimensional model. 
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ii - The second approach is to expand the arbitrary 
disturbance in a Fourier series over a sufficiently 
large period of time. The circulation distribu­
tions due to the fundamental frequency and its 
different harmonics are then calculated as shown 
before. As the fundamental governing equations 
are linear and as we are assuming small disturbances, 
the principle of superposition holds. Therefore , 
the resultant circulation distribution can pe 
obtained by simply summing up the individual 
circulations caused by the fundamental frequency of 
the disturbance and its harmonics. A numerical 
example illustrating the use of this method is 
presented in Appendix II. 
Reduction to the Steady State Case 
The solution as obtained in the preceeding paragraphs 
applies to the general case of a rotor of arbitrary geometry 
under unsteady loading. However, this solution also 
intrinsically covers the steady-state case. By setting 
W = 0 and V= 0 in the different expressions, ikf 3 vanishes, 
whereas f4 becomes 
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I: J co s ( 2 J1, - 1 ) t/J [ c; cos </:> sin 0 nsin/3 
l=- CX>  0 
- P' (sin/3sinS + 
. p 
co sf3 co s/3P co s 0n ) + r 
1 
( sinS sin /Jpco s 0n co 
J [ ( ( + a) 2 + b2 r3/Z d t I d t/J ( 49 )  
xt 
- r' sin 0 n . sin /3 
and b2 = c;2 cos2cj> + P ' 2 - 2 P ' [ r ' co s 0n 
(50) 
+ c; co s c/>sin 0n sin/3p ] + r '
2 - a2 ( 5 1 ) 
By l et ting tan E = ( f '  + a)/b we find that 
J
oo
[ ] -3/2 






J co s  E d € 
E t 
( 52) 
with tan E t = • 
Evaluating the integral on the right hand side of  
equation (52) w e  find that 
J [c f ' 




Uo [ a 
2 0 
+ 
for the total induced v elocity becomes 
CD 








( 2 fL - 1 ) 





f2 < ¢ . 1J.,p ) ( 1 + -) 2R . 
l. 
f4 ( </> , "lf'p ) 
L + D 21 ( 1 + -- ) 
l=- 00 
R .  
1 
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( 55 ) 
( r  I Sin 0 nSinf3p - C; C0 $¢ C0 S en) J Si n ( 2 f-L - n"lf' Sini,/J 
0 
2� ' 2  p' 2 p ' ' 0 cos '+" + r + - 2 (r cos n 
( 56 )  
and 
N 
. f 4 <4> . "-' p ) = L 
n= 1 
(X) 7T L J co s ( 2f.L - 1 ) l/J  
l=- 00 0 
where a and b are given by equations ( 50) and ( 5 1 ) • 
The boundary condition simply reduces to 
v .  U dz 
----- = --- • -
( 57 )  
( 58 )  
Inspection of equations ( 54 ) through ( 58 ) shows that they 
represent the same expressions as those presented in 
Reference 1 for the steady-state case. Thus the present 
solution does in fact reduce to the steady-state case when 
W and V are set equal to zero. 
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CHAPTER II 
COMPARISON WITH EXISTING INFORMATION 
In the preceeding chapter, the steady- state solution 
o f  the flow through a rotor was seen to be a special case 
of the general unsteady solution . In Reference 2 ,  the 
steady circulation distribution thus derived was used to 
predict the noise generated from an experimental rotor /25./. 
The theoretical results obtained using the present method 
were found to be in close agreement with the experimental 
data ,2/. 
For the unsteady case we will first show that the 
present analysis  will in the limit reduce to the well ­
established solution of the two-dimen sional unsteady flow 
past a single airfoil [23 ,  2 6 ,  27]. Later a comparison will 
also be made with some other recent methods for the solution 
of the unsteady flow through cascades. 
Reduction to the Unsteady Two-Dimen sional Cla ssical Case 
By setting N= l and neglecting the images (since L will 
in the limit extend to infinity) vbn vanishes, whereas 
the expression for vw reduces to 
V = w 
R . + L 
R� 
]_ 
R . + L . l. 
I ntro ducing t he t ransformation P=  Ri + Y ( and hence 
r = Ri + y )  and then taking the li
mit a s  Ri > co 
e quati o n  ( 59 )  be come s  
( 59 )  
L CO 
f s 
iW ( xt- f ) /U0 Ge ( f -x) dt dY 
-L xt [c t -xl + ( Y - y } 2 ] 31
2 
(60) 
To simulat e the two - dimensional c a se we l e t  L � CX)  • 
Now ke eping in mi nd t hat as L � a:> dG/ dY -__.> 0  for 
fini t e  value s o f  Y and that the o rder o f  i nt e gration can 
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·be reversed since only the principal value of the integral 
is consi dered, equation ( 60) can be integrated with respect 
to Y and reduces to 
V w = 27r U 
0 
(61) 
Following .the same reasoning we find that as L� CX), 
vt-->- 0. Therefore the induce d velocity becomes 
I: am c o s m <p] -1- v w 
m=1 
(62 )  
For the case where the quasi-steady circulation has the 
form r = G
0 
e i W t (Reference 23, section IV) , with G = 7TcU a qs o o 
for a flat plate, the boundary condition becomes 
= a, 
Therefore su bstituting for vi in e quation ( 62 ) ,  the 
coefficients a
0
, a 1 , a2 • • • can be calculated : 
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m = 1, 2, 3 • • •  
with the total circulation given by 
( 64 )  
Therefore we  need to evaluate 
for m = o, 1 only. 
0 




( 1 4) that x =  - ½c cos cj) we get 
CD 
0 





W ( xt - [ ) /U 0 
2 '1TU2 
0 
· I  cosm c/> dcpd f  f + ½c cos ¢ 
( 65 ) 
where again the order of int-egration could b�  reversed 
be cause only the principal value of the integral is 
considered . 
The integral with respect to cf;> can be evaluated 
(e. g .  Reference 24, p. 1 9 1 ) and we obtain 






m = O ,  1 
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(66) 
Keeping in mind that for the two-dimensional case 
there is no taper and hence xt = ½c, and substituting from 
equation ( 66 ) into the expressions for a
0 
and a 1 we get 
i W 
a = 20., -o 
1T U2 0 





Introducing the reduce d frequency k = ½Wc/U0 and 
making the transformation f ' = [/½c, these expressions 
become 




















and a 1 in equation ( 64) we ge t 
( 68 ) 
but r= Gei W t, therefore e quation ( 68 ) can be solved for f 
or 
f e
i ( W t - k) 
G0 ik [ K0 (ik) + K 1 (
ik)] 
( 69 )  
which is  the classical expression for the circulation for 
an unsteady two-dimensional airfoil experiencing harmonic 
perturbations. 
Comparison with Two-Dimensional Unsteady Solutions for 
Cascades , 
In contrast to the case of a single airfoil , there 
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are no "exact" or universally ac cepted solutions for the 
unsteady flow through a cascade even in the two- dimensional 
case . 
Comparisons will be made here with two o f  the most 
recent works in the field. 
1. Comparison with the Results of  Reference 7 
In Reference 7 ,  a solution for the unsteady flow 
through a two-dimensional cascade sub ject to disturbances 
in the incoming axial flow is presented. The method used 
there i s  based on averaging the governing flow equations 
across the cascade pitch ; hence , from _ the · integration of 
the instantaneous pressure difference across the surfaces 
of the blade, the lift can be calculated. The analysis is 
limit.ed to cascades with low gap-chord ratios (lightly 
loaded airfoils) and to the case where the gap i s  small 
compared to the wavelength of the di sturbance . 
The unsteady lift calculated using our method was 
compared with the unsteady lift as cal culated in 
Reference 7 (Figure 5) .  The results are shown in Figure 7. 
It should be noted that our calculations yield results 
closer to the isolated airfoil case than the ones of 
Reference 7 .  However, this was to be expected since the 
[¢] 
o . 6  
0. 2 
-o. 8  -o. 6 -0 . 4  -0 . 2  
s 1 c= 
B c= 0 . 5 
-0 .2 
-1 .0 
k=0 . 5 
Img. 
0 . 2  0. 4 
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[t�s] Real 
o . 6 o . 8  1 . 0 
Flat plate 45 ° stagger 
---- Present work 
-------- Re ference 7 
Figure 7. Comparison with. the results of  Re ference 7.  
assumption of low gap-chord ratio and the resulting 
approximations made in Re ference 7 were not duplicated 
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in our calculations. This assumption implies a very large 
number of · blades inducing velocities on the reference 
blade, thus lowering its circulation . In our case only 
a finite number of blades is considered and hence higher 
values of circulation and lift are obtained. 
It should also be noted that in Reference 7 ,  the 
wavelength 1 of the disturbance in the y - direction is 
directly coupled with the frequency l/ through the equation 
l,I == 27r U/1 (70 ) 
In other words, the solution of Reference 7 is 
applicable only in the case where equation (70 ) holds . 
In our opinion such a limitation severely restricts the 
use o f  the method. In our analysis such a coupling need 
not exist . The parameter 2 7r (R. + ½L)/2/ (corresponding l 
to 1 in Reference 7) is completely independent from the 
disturbance frequency W in our analysis (corresponding 
to l,I in Reference ?). This allows our method to cover 
a much wider variety of cases than is possible using the 
method of Reference 7. 
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2. Comparison with the Results of Reference 1 2  
Another method of obtaining an approximate solution 
for the unsteady load acting on a b�ade subje ct to periodic 
disturbances in an axial flow turbomachine is presented 
in Reference 1 2. 
The solution follows an approach comparable to the 
one first presented by Von Karman and Sears for an isolated 
airfoil /"23/. The final expression for the vorti city 
distribution however is obtained using a transformation 
earlier developed by Sohngen f29.] . 
For a turboma chine the same expression for the 
circulation is used as for an isolated airfoil. The velocity 
fluctuations resulting from an upstream stator are input 
as disturbanceso Since no a ccount is given of the 
circulation (steady or unsteady) on neighboring blades, the 
solution is "exact" only for isolated airfoils. It is 
expected to lead only to qualitative results in the case of  
a cas cade with very low solidity and is completely ina ccurate 
for high-solidity cas cades. 
We will now show that by negle cting the interaction 
between the circulation on the reference blade and the 
circulation on neighboring blades and their wakes (as is the 
case in Reference 1 2) ,  the expression for the total circulation 
on the airfoil cal culated by our method redu ces to exa ctly 
the same expression as cal culated by the method of 
Reference 1 2. 
It  is to be no ted that the total unsteady vorticity 
on the airfoil in Re ference 12 is given the symbol Yt and 
all the lengths are normalized with respect to half the 
chord . Yt is subdivided into two parts for later use in 
the cal culation o f  the lift. 
According to Reference 1 2 ,  the total circulation on 
the airfoil will be 
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C f 'V I I r = 2 . / t ( X )dx (7 1 )  
- 1  
But from equation B4 o f  that Reference and a fter converting · 
to our no tations 
1 
1 
· f (72) 
- 1  
with 
where 
t) u (x , = 
t ) vp ( x , = 
' 
(2fx ' u + v ) ei ( W t - kx ) . p p 
u ei ( W t  - kx ) p 
ei ( W t  - kx ) 
are the disturbance velocities and f is the ratio of  
maximum camber to half chord length (parabolic camber 
line). 
60 
( 73)  
Letting x '  = - cos0 and substituting from equation 
( ?3) in equation ( 72) , the integral on the right hand side 
of  equation (72) be comes 
- 1  
' dx = 
iW t J 0 0 e 
. 
( 2 f'U
P co s - �P
) eik co s tan t 0 sin 0 d 0 
0 






(2f=u 0 -V ) ( 1 0 ) eik cos 0d e co s - - co s p p 
Making use of the relation 
J eik co s 0 co s n 0 d 0 =  'TT in Jn ( k)  
0 
(Reference 30 # 9. 1 .2 1 )  equation (74) becomes after 
simplification 
' 1 + X 
I ---, dx 1 - X 
iW t ( = [ J 1 (k) -= e 2 'IT"fu 
p k 
· 6 1 
( 74 )  
( 75) 
Substituting from equation ( 76 )  in equation (72) 
and keeping in mind the relation in equation ( 7 1) we 
obtain a fter rearranging 
r 20i (W t - k) 
"7TcU
0 
= 1T ik [iH�Z) (k) + H�z) (k)] ( 
fl [ J 1 (k) 2f _.E 
U0 k 
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( 77 ) 
Equation ( 77 ) gives the expression for the total circulation 
on the airfoil in dimensionless form as calculated using 
the method o f  Re ference 12. 
To show that our method will lead to the same results, 
we  use e quations (61 ) and (62) which have already been 
reduced from the general case to the case of  an isolated 
two-dimensional airfoil . Combining the boundary conditions 
in equation (37) and (38) and taking into consideration 
the difference between his coordinate _ system and ours, thus 
letting 
iip = ou· 
vp = - 8v 
dz 
- = 4fx/c 
dx 
I 
the boun dary condition in equation ( 39 ) becomes 
v .  1 - = 
- iW (t - x/U ) 
� ) e o 
uo 
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( 78 ) 
Substituting from equations ( 78) and (6 1 )  into equation ( 62) 
we obtain 






-iW x/U0 e ( 79 ) 
Introducing the reduced frequency k, keeping in mind 
that xt = ½c and normalizing all lengths with respect to 
. half the chord length, this becomes 
a cos m 
+ 2 (  2fx
1 up + e 
' -ikx ( 80 )  
from which 
a = 0 
and 
_ =- [ ikGeik 








'7T 1TcU 0 
CJ) 7T 
f f  
e-ik f • 
d'P d f 1 
t ' - X 
1 0 









cp e cos cp t ,  
t ' 





u v ' 






But from Reference 24 it  was shown that 
iT J co� mfd <p = . 7f [Vf ' 2 _ 1 _ � • J m I; + co s </> '\J I; 1 2_ 1 . 
0 
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( 8 1 a) 
( 8 1 b) 
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C 
Thus with x = - - cos c/> t making use of the above 
2 















[�  - K 1 ( ik)] al cU0 
u J 1 (k) V J 1 ( k)] + 2 7ff ...E. (Jo (k) - ) - 7r
i  _E. 
uo k 
uo 
Substitutin g  for a0 and a 1 in 




f = ¼ 7f cU0 





- 8f 2 ( 
uo 
J 1 (k) 
V 
- iJ1 (k ) ) ]  4 .-2. ( J0 ( k) uo 
+ iJ 1 (k) -
J0 (k) ) 
· w t el. 
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( 83a) 
( 83b ) 
(84) 




[Y0 (k) iJ0 (k) ] = 2 
K 1 (ik) = i 
'1T 
[Y 1 (k ) + iJ1 ( k )] 2 
H (2 ) (k ) = Jo (k) - iY0 (k) 
H ( 2 ) (k) = J 1 (k) - iY 1(k) 
Therefore from equation ( 85 )  to ( 88 ) we find that 
Also keeping in mind that 
and substituting from e quations (89) and (90) into 




( 86 ) 
( 87 ) 
( 88 )  




2ei (W t - k )  




which is exactly the same expression as equation ( 77 ) . 
It is thus seen that indeed the solution of Reference 1 2  
leads to a very special case of the general analysis 
presented in the present work. 
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Finally , it should also be noted that in Reference 1 2 , 
as in Reference 7, the disturbance frequency is coupled 
with its lateral wavelength. This again severely restricts 
the use of the method to rotor stator interaction problems 
and makes it unsuitable for tackling problems . involving 
general disturbances such as turbulence problems. 
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CHAPTER III 
APPLICATION TO NOISE STUDIES 
For the prediction o f  the sound power level generated 
by a rotor sub ject to an inlet disturbance, we follow the 
approach of  Benzakein /1 6 ,  1 7 , 1W" and Sowers f1 9.J . As 
mentioned earlier, all the results are determined at the 
fan face. 
Assuming that the classical linear acoustic wave 
equation holds, the solution for the root mean square of  
the acoustic pressure in an annular duct with rigid walls 
and no end re flections is 
<½P a
2 ) 
M o Mt p = 
4 'V2 7r 
C





n= K N  Ill= 1 
Here p denotes the air density and 
Rn( A nmr
, ) = [ '- nm Yn- 1 ( A nm)  nYn ( A nm ) 
Anm E 
K 
Rn ( A nmr ) 
i)nm 
(91 ) 
] Jn ( A nmr ' ) 
- [ '-run Jn_, ( A nm) - nJn ( A nm) ] yn ( A nmr , ) 
( 92 )  
A = nm J r
1 f (r
1






G(r ) ' 
f (r ) = --





The A nm ' s are the solution of the Eigenvalue equation 
( 9 6 ) 
The value of E is given by 
71  
' 
z being the duct length. However, for the value of P at 
the fan face z = 0 and hence E = 1 .  
The dimensionless sound pressure P can now be calculated : 
P =  
1 p 2 
2 a 
and hence the sound power level W can be obtained, 
1 
W = 7r R
2 p a3 f 
4 0 
h 
2 ' ' P r dr 
The sound power level can also be expressed in 
db re 1 0 - 1 2  Watts : 
SPL = 1 0 log,o W/ 1 0
- 1 2  
( 9 7 )  
(98) 
( 9 9 )  
For the purpose of comparison, a standard compressor 
is chosen, and by changing one variable at a time we can 
study the effe cts of the individual design parameters on 
the sound power level generated under different types of 
inlet disturbances. Although these parameters interact in 
a very complicated manner, our aim here is to study their 
individual effe cts in an effort to single out the most 
significant ones . 
The standard compressor chosen has the following geometry 
Outer radius = 0 .5 ft  
Hub-tip ratio = 0 . 33 
Blade chord = 1 . 5  in 
Tip clearance = 0. 2 in 
Stagger angle = 30° 
No taper and no twist 
Number of blades = 8 
The referen ce  standard Mach number in the inlet was 
chosen equal to 0. 325, and the velocity parameter 
is W L/U0 = 0. 774. This data corresponds roughly to the 
information presented on the experimental compressor of 
Reference 25. 
Effects of Design Parameters 
The effects of varying the design parameters one at 
a tim e were first studied. The disturbances were assumed 
to have a constant radial distribution and the magnitudes 
of the disturbing v elocities were assumed to be 5% of the 
reference mean velocity. The reduced frequency of the 
disturbance was assumed constant for these comparisons 
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and equal to 0. 1 .  The effects of axial disturbances and 
circumferential disturbances in the incoming flow were 
studied separately. Figures 8 through 1 2  show the effects 
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Figure 12 .  Effect of  stagger and twist on the sound power 
level for transverse disturbances. 
of varying each individual design parameter keeping the 
others constant at the reference value. 
Effects of Incoming Flow Parameters 
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Keeping the geometric design parameters constant at 
the reference value, the sound power levels generated under 
different incoming flow conditions were studied next. 
Figures 1 3, 1 4  and 1 5 show the effects of rotor rpm , radial 
disturbance distributions and disturbance frequencies, 
respectively. For the effects of rpm it was assumed that 
the rate · of mass flow ·is approximately proportional to the 
rotor rotational velocity. 
Results and Discussion 
All the resul ts indicate that transverse or circumfe­
rential disturbances generate more noise than axial 
disturbances. In general 7 or 8 db differences were found. 
With the exception of the effects of the hub-tip 
ratio, the different design parameters were found to have 
effec ts following the general trends already exhibited 
in the steady-state casef2=/. Increasing the number of blades 
causes a decrease in the sound power level generated, and 
increasing the blade taper only slightly decreases the noise. 
However, although the combined effec ts of twist and stagger 
still showed that there exists a combination of these 
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Figure 15. Effe ct of reduced frequency on the sound power 
level generate d. 
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case, these optimum combinations are not the same for 
steady and unsteady cases, and also depend on whether the 
dominating disturbance is axial or circum ferential 
(Figures 1 1  and 12 ) .  For example, with our reference 
parameters, for a stagger angle of 25 ° , the twist angle for 
minimum noise is about 22 ° for the steady case (Reference 2) 
while it is around - 6 ° for periodic a xial disturbance and 
more than 45 ° for a periodic circumferential disturbance o  
These values will also vary with the velocity pa rameter and 
the reduced frequency. This suggests that to reach an 
optimum design, a statistical study of the disturbances in 
the inlet is needed and hence a decision can be made on a 
compromise combination of twist and stagger that will result 
in minimum noise from the steady loading and the unsteady 
predominant disturbances. 
The effect of varying the hub-tip ratio could have 
actually been anticipated . Since the noise depends on the 
radial distribution of the loading, in the steady case, 
varying the hub-tip ratio results automatically in a 
strong variation in the loading radial distribution and 
hence the sound power level generated, whereas for the 
calculation of  the unsteady noise, a constant distribution 
a nd value of disturbances were assumed for all hub-tip 
ratios and hence no apprecia ble difference in the noise 
levels could be detected. 
As for the incoming flow parameters, the effects of 
rpm and the associated inlet Mach number are quite similar 
to the steady-state case . This is a direct result of 
equation ( 9 1 ) ,  since the sound pressure level is proportion­
al to the product of M0 and Mt� which in turn is approxi­
mately proportional to the square of the rpm . On the other 
hand, the results of Figure 1 4  suggest that in practice, an 
even distribution of the disturbances is actually more 
desirable than an uneven one. Unfortunately in actual 
compressors the distribution of disturbances is such that 
their magnitudes are much higher near the blades tips. 
This suggests that it might be desirable to bleed off 
some of the air from the cowl right upstream of  the rotor, 
thus getting rid of the portion containing the highest 
degrees of turbulence. As for the effects of the reduced 
frequency, it appears that the higher the operating rpm of 
the rotor, the more significant the steady noise becomes 
as compared to the unsteady noise . This results from the 
fact that given a disturbance of a fixed absolute frequency, 
the frequency relative to the rotating blades will be 
higher for larger values of the rpm .  This in turn would 
decrease the unsteady noise and make the steady loading 
noise more and more significant . 
As far as the' accuracy of the results is concerned , 
it is mainly governed by the assumptions of incompressible 
and inviscid flow . The solution for the circulation 
distribution is expected to lead to accurate results up 
to Mach  numbers of about 0 .5. However the trends that 
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have been observed her e  are not expected to change 
appreciably even in the high subsonic -range . Extreme 
caution must be exercised though, ' when applying these 
results to compressors where transonic operation is likely . 
Viscous effects might also be another source of noise du e 
to the shearing action near the blade tips, but comparisons 
wi th published experimental data /2_/ showed these noise 
sources to be negligible. 
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CONCLUDING REMARKS 
1 . A new method for the calculation of the unsteady 
circulation distribution in axial flow turbomachines has 
been d erived o 
2. In this method, most of the classical approximations 
made in previous works have be en dropped and most of th e 
effects that wer e  usually n eglected have been taken into 
consideration. 
3. This method was also found to compare favorably 
with existing analyses and can be  extended to the study of 
rotor stator interaction. 
4. The expressions for the circulation distribution 
obtained were used in the prediction of the unsteady noise 
in axial flow compressors. 
5. The results suggest that the most significant 
parameter in noise generation is the radial loading 
distribution and that steady and unsteady noise must both 
be considered in reaching an optimum design. 
6. A computer program has been developed for the 
prediction of the circulation distribution (steady and 
unsteady) and the associated sound power level. This 
program is available presently upon request , 
c/o Dr. E. Lu.msdaine 
Mech. & Aero. Eng. Dpt . 
University of Tennessee 
Knoxville, Tennessee 379 1 6 .  
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APPENDIX I 
NOMENCLATURE 
: Sound velocity 
: Fourier coe fficients 
: Fourier coefficients 
: Chord length 
: Unit vector parallel to the shed vortices 
: Circulation = r exp (-i (W t- v 0n )) 
: Strength of shed vorticity 
90 
: Hankel function of the second kind and order 
zero 
: Hankel function of the se cond kind and order 
one 
: Hub-tip ratio 
: V-, 
: Unit vectors 
: Bessel function of the first kind of order n 
: Unit vectors 
: Circulation 
: Modified Bessel function of or der zero 
: Modified Bessel function of order one 
: Reduced frequency = ¼Wc/U0 















: Blade length 
: Reference Mach number 
: Blade tip Mach number 
: Number of blades 
: Sound Pressure 
: Induced velocity vector 
: Hub radius 
: Inle t duct radius = R .  + L + 0 
. J. 
: Position vector of point p 
: Coordinate in the radial direction 
: Sound power level expressed in db re , o- 1 2 Watts 
: Unit vector 
: Time 
l Reference velocity 
: Induced velocity perpendicular to the chord 
: Sound power level 
9 1  
: Coordinate in the chordwise direction, -½ c  � x � ½c  
: Bessel function of the second kind, order n · 
: Coordinate perpendicular to the chord 
: Angle of attac k 
: Stagger angle 
: Circulation = G exp (i (W t- 7/ 0 ) ) n 
: Vorticity strength 
: Blade tip clearance 
D u  : Disturbance velocity in the chordwise direction 
-◊ v : Disturbance velocity perpendicular to the chord 
0 : Circumferential coordinate 
Anm : Eigen values for acoustic equation 
V : Disturbance angular frequency (in circumferential 
direction) 
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f : Coordinate in the chordwise direction, tc � t � CD 
P : Coordinate in the radial direction 
T : Dimensionless time = 2U0t/cr 
<p : Transformation angle for the chordwise direction 
1/J : Transformation angle for the span��se direction 
W : Disturbance frequency 
Subscripts . 
b . Refers to bound vortices . 
i . Refers to induced velocity • 
n . Refers to blade n • 
p . Refers to point p or section • 
r . Refers to the blade root • 
t . Refers to the trailing edge • 
w . Refers to the wake • 
through p 
or trailing vorticity 
APPENDIX II 
NUMERICAL EXAMPLE FOR RANDOM 
DISTURBANCES 
93 . 
Assume it is required to find the circulation distribu­
tion resulting from the disturbance distribution shown in 
Figure A- 1 during the dimensionless time interval 0 � T :!:!: 60. 
First the disturbance signal is expanded in a Fourier  
series. Thus in complex form C v/U0 can b e  expressed as 
8v  
( A- 1 )  
The circulation distribution corresponding to each term 
of the series in equation (A- 1 )  is then determined using 
the method presented in the preceeding chapters. 
Response to 0.0 1 25 e0 • 524iT is 
a 1 ( t/J) = (-0.02415 + 0.0 1 5 1 2  i) sint/J + (-0. 0 1 782 
+ 0 .00 1 66 i) sin3 t/J + (-0.00067 + 0. 002302 i) sin5tj} 
+ (-0.002 1 7  + 0.00203 i) sin7t/J + (-0 .00 1 1 3 
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Figure A- 1 .  Time history o f  the disturbanc e O v/U
0
• 
0 0524i T Response to 0. 0 5  e • is 
G2 ' \j; ) = ( -0. 22970 + 0. 1 1 935 i) sin \j; 
+ (-0.09222 + · 0. 0 1870 i) sin 3 V/  
+ ( -0.02 137 + 0. 0 1130 i) sin 7 'tp 
+ (-0. 0 1 223 + 0. 00817 i) sin 9 'tp 
· Response to 0.02 e0 • 209Gi T is 
+ (-0 .02946 + 0. 00523 i) sin 3'tp 
+ (-0. 00672 + 0. 00723 i) sin 5'tp 
+ ( -0. 00586 + 0.00338 i) sin 7 'tp 




Since the principle of superposition holds as 
discussed earlier the final response of the blade and the 
circulation distribution can be obtained by simply summing 
up the individual responses 
O � T � 60 
(A- 5) 
From equation A-5 the circulation at any point and 
at any time can be determined with the value of \jJ 
determined by equation (28) . 
